Abstract: This study explored the kinetics of ultraviolet (UV) laser photoinitiated polymerization in thick polymer systems to achieve improved polymerization efficiency and uniformity. The modeling system comprised an incident UV laser and its reflecting beam, which was focused by a concave mirror to compensate for the exponential decay in the absorbing medium. The polymerization kinetic equation was numerically solved for the initiator concentration. The crossover time was calculated and compared among single beam, two collimated beam and collimated plus reflecting focused-beam systems. For the single beam case, analytic formulas for the time dependent incident beam is derived and demonstrated by measured data. A theoretical crossover time is defined to analyze the measured data based on the dynamic moduli. Lastly, the polymerization boundary dynamics are illustrated, showing the advantage of the combined two beam system. The numerical results provide useful guidance and a novel means for accelerated uniform photo-polymerization, which cannot be achieved by other means.
Introduction
The kinetics of photoinitiated polymerization have been studied by many researchers analytically, numerically, and experimentally [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . In general, the laser may be absorbed by the photolysis product; therefore, the kinetics of photoinitiated polymerization, especially in thick polymer systems, are difficult to solve analytically, and only numerical results have been reported in previous studies [9] [10] [11] [12] . Commercial type-I photoinitiators that produce two radicals following visible photon absorption have limited water solubility and high cell toxicity [1] . A ultraviolet (UV) laser at 365 nm was used for improved polymerization kinetics at lower initiator concentrations [4] . Various kinetic conditions and different photosensitizers are available in recent review papers [13, 14] .
We have recently developed semi-analytical modeling for photo-polymerization in a thick polymer (up to 10 mm) under a collimated UV laser [15] . In a collimated system, the photo-polymerization is always faster at the entrance and slower at the exit of the absorbing medium. Therefore, thick absorbing media (>1.0 cm) cannot be completely photopolymerized, especially at the bottom portion. To overcome the drawbacks of collimated laser systems and achieve more uniform photo-polymerization throughout the medium, we previously presented a focused single beam laser system [16] .
A modeling system with two counter propagating collimated beams has also been studied to achieve faster photo-polymerization [10] . This study will explore a more complex system, in which a collimated incident beam is reflected by a concave mirror to produce a focused backward beam. Our results show that this reflecting focused-beam achieves not only more uniform photo-polymerization but also a shorter procedure compared with that of the collimated two beam system.
We will introduce a modeling system for improved efficiency and uniformity. The system consists of a collimated incident beam and its reflecting beam, which is focused by a concave mirror to compensate for the exponential decay in the absorbing medium. The polymerization kinetic equation was numerically solved for the initiator concentration. For the single beam case, analytic formulas for the time dependent incident beam is derived and demonstrated by measured data. A theoretical crossover time is defined to analyze the measured data based on the dynamic moduli during photopolymerization [4, 16, 17] . The crossover time was calculated and compared among the various single beam, two collimated-beam and collimated plus focused reflecting-beam systems. The dynamic profiles of the polymerization rate were analyzed for various conditions. Lastly, the polymerization boundary dynamics are illustrated, showing the advantage of the combined two beam system. To the best of our knowledge, this study provides the first presentation of a novel means for accelerated uniform photo-polymerization.
Method

The Model System
As shown in Figure 1 , a collimated UV laser beam propagates along the z-direction of the absorbing medium (with a thickness L) containing a UV photoinitiator. The collimated incident beam is reflected by a concave mirror to produce a focused backward beam, which coexists with the incident beam inside the medium. The reflecting focused beam, I 2 (z,t), is related to the incident beam, I 1 (z,t), at the boundary of the medium as follows (assuming a total reflection):
where F(z) is a focusing function given by [16] :
where w is the ratio between the beam spot size at z = 0 and the spot size at the focal point (z = f). The value of w, in general, depends on the divergent angle and beam quality of the focused reflecting beam. We will assume w = 0.2 for a typical solid-state laser as the UV light source. If a light-emitting diode (LED) is used as the light source, w will be larger (0.4 to 0.6). In Equation (1), the counter propagation of the reflecting beam is defined by the (L − z) factor, where we have defined z = 0 as the entrance plan of the incident collimated beam (see Figure 1 below) in our finite element numerical program. It will be shown later that the reflecting focused-beam achieves not only more uniform photo-polymerization but is also 60% faster compared with that of the collimated one beam system. In Equation (1), the incident UV light is a collimated continuous wave (CW) with a flat temporal and spatial profile such that small distortion of the reflecting beam (in temporal and spatial profile) may be neglected. 
The Kinetic Equations
The molar concentration of the photoinitiator C(z,t) and the two laser beam intensities I j (z,t) (with j = 1, 2) can be described by a one-dimensional kinetic model [5] [6] [7] [8] [9] , which is revised in this study to describe a system of two counter propagating beams as follows:
where C 0 is the initial value, C 0 = C(z,t = 0); a = 83.6λϕε 1 , with ϕ being the quantum yield and λ being the laser wavelength; and ε 1 and ε 2 are the molar extinction coefficients of the initiator and the photolysis product, respectively. A m is the extinction coefficient of the monomer and the repeat unit. In our calculations, the following units are used: C(z,t) in mM, I(z,t) in (mW/cm 2 ), λ in cm, z in cm, t in seconds, A m in (cm) −1 and ε j in (mM·cm)
The coupled differential equations were solved, by the finite element method, with the initial and boundary conditions C(z,0) = C 0 , I 1 (0,t) = I 0 and I 2 (z = 1.0,t) = I 1 (z = 1.0,t) for a medium thickness L = 1.0 cm. We shall note that the coupled Equation (3) is a highly nonlinear equation, in which the reflecting beam is changing with time due to the time-dependence of the absorption of the incident beam and the initiator concentration. The cross interaction between the incident and the reflecting beam is via their co-propagating in the absorbing medium or their co-coupling to the C(z,t) term shown in Equation (3b) and in Equation (3c). The initiator concentration is depleted in time by both beams as shown by Equation (3a). The counter propagation of the two beams is managed by the (L − z) coordinate for the reflecting beam such that for each pint of time (t) and space (z), the three parameters,
, are closely coupled and affecting each other. Our numerical simulations require a simultaneous solution of Equation (3) which is much more complex than the single beam situation.
The Photoinitiation Rate
If two active centers are produced upon defragmentation of the initiator, the local photoinitiation rate for the production of free radicals, R(z,t), is represented by [5] :
which is proportional to the product of the light intensity and the initiator concentration. R(z,t) has a unit of mW/cm 3 . Example of above two active centers reaction was shown in the experimental study of single beam case using UV light at 365 nm and initiators of 2-hydroxy-1-[4-(2-hydroxyethoxy)phenyl] -2-methyl-1-propanone (I2959) and Lithium pheny1-2,4,6-trimethylbenzoylphosphinate (LAP) [4] .
Results and Discussion
Analytical Formulas for the Collimated Beam
For only the incident collimated incident beam without the reflecting beam and when A m = ε 2 = 0, analytical solutions of Equation (3) are available [5] :
where
We define the distance at which the initial normalized light intensity,
, and the initial penetration depth, z*(t = 0), is given by z 0 = 2/(bC 0 ).
The above equation shows that the penetration depth is inversely proportional to the concentration and the extinction coefficient of the riboflavin solution. It is also a nonlinearly increasing function of the light intensity and irradiation time.
The experimental studies of single beam case using UV light at 365 nm and initiators of I2959 and LAP have been published [4] . However, there is no published experimental work relating to our proposed two beam system. A detailed recent review of the chemical reaction mechanism and experiments of the UV photoinitiation in single beam cases can be also found in references [13, 14] .
Our analytic formula, Equation (5b), shows that the light intensity is a nonlinearly increasing function of time (t) at a given position (z). To demonstrate this dynamic feature, we measured the light intensity change for a UV light propagating through a riboflavin initiator which was commonly used for the corneal collagen cross linking [16] . Our measured data for the normalized light intensity I/I 0 are shown in Figure 2 for an initial initiator concentration of 0.15% and 0.3% at z = 10 mm, and an initial light intensity of 120 mW/cm 
The Crossover Time
For the single beam collimated case, one may solve Equation (5a) to obtain an analytic formula for the UV light exposure time (t) as a function of the initiator concentration and light intensity as follows:
Experimental crossover time defines the time required to reach the gel point which is defined by the storage-loss moduli of the polymer [4, [18] [19] [20] . However, a theoretical crossover time (T*) has not been defined previously. Because the gelation causes the depletion of the initiator concentration and the photoinitiation rate is proportional to the product of the light intensity and the initiator concentration, we propose the possible definition of the crossover time (T*) shall include: (1) the time required to reach the gel point of the material which needs the measured data of the dynamic moduli and the gel point; (2) the time required for the photoinitiation rate (at a given medium thickness) reaches certain saturated value; or (3) the time required for the initiator concentration C(z,t = T*) reduces to certain cut-off level such as 1/e (0.36) or 1/e 2 (or 0.135) of its initial value C(z,0). As defined by Equation (3), the photoinitiation rate, R(z,t), is proportional to the product of the light intensity and the initiator concentration. Therefore, a theoretical T* based on the depletion level of C(z,t) is equivalent to that of R(z,t). In this study, without knowing the measured moduli, we propose a theoretical T* based on the depletion cut-off level of the initiator concentration and choose the 1/e 2 reduction level, or when C 0 /C(z,T*) = e 2 = 7.39. Using this definition, an analytical expression for T* is derived from Equation (7) , T*(at z = 500 µm) =825 s, which is 1.26 times of the surface value.
The above described crossover time defined by the depletion cut-off level of the initiator concentration may also be realized as the light exposure time which defines the initiator concentration cut-off level to move from the medium surface (z = 0) to the medium thickness (z = L). Alternatively, we may define the crossover time by the photoinitiation rate. Using the analytic formula of Equation (5) to calculate R(z,t) defined by Equation (4), we obtain:
We should note that the photoinitiation rate R(z,t) is characterized by the competing process between I(z,t) and C(z,t). Therefore, we expect an optimal photoinitiation rate defined by both z and t. Taking ∂R(z,t)/∂(ε 1 C 0 ) = 0 at C(z,t) = C 0 *, we may derive an optimal product (ε 1 C 0 *) which is proportional to e X /z. More detail of the optimal photoinitiation rate will be published elsewhere [17] . Our theoretical T* may be used to analyze the measured crossover time of reference [4] which showed that the crossover time is inversely proportional to the UV light intensity. These measured features are consistent with our formula Equation (8a). However, unlike our theoretical T* (with z-dependent), their data only showed the crossover time for the completion of gelation for a given thickness (z) and did not measure the z-dependence of T*. Our theory provides useful guidance for future experimental works. The measured crossover time of reference [4] may be also analyzed by Equation (9) as follows. For a given cut-off level of the photoinitiation rate R*(z,T*), the crossover time is inverse proportional to R* and is found to be proportional to ε 1 C 0 I 0 from Equation (9) [17] . Furthermore, higher photoinitiation rate provides a shorter crossover time for gelation. This relationship is consistent with the measured data of reference [4] , where the crossover time is a decreasing function of the light intensity and the initiator initial concentration.
Numerical Results
For an incident beam with a reflecting focus beam, Equation (3) Figure 4 shows the dynamic profiles of C(z,t)/C 0 versus z at various times for case (a), an incident collimated beam without a reflecting beam, in which the cross points between the 0.135 straight-line and the curves define the crossover times (T*) at various z. These cross point provide us the information including: (a) location and when the crossover starts and ends; (b) how long the crossover takes; and (c) time required for the crossover to complete the whole thickness (at z = L =1.0 cm). All of the C(z,t)/C 0 curves have the lowest values at z = 0 and highest value at z = 1.0 cm, indicating that the crossover always starts from the entrance (z = 0) and ends at the medium thickness (z = L). Figure 4 also shows that the crossover procedure takes 46 s to complete, calculated from the difference between T* = 70 s (for z = L) and T* = 24 s (for z = 0). Comparing Figures 4 and 5 , we find that case (b) with reflecting beam completes the crossover earlier than case (a). For example, T*(z = 1.0 cm) = 50 s for case (b) which is abut 30% faster than case (a) with T*(z = 1.0 cm) = 70 s. Furthermore, the crossover procedure takes only 50 − 24 = 26 s in the reflecting beam case versus 46 s in the single beam case. This enhancement may be explained by the fact that with the same incident light intensity, the reflecting beam contributes additional light intensity and accelerates the crossover process. Figure 6 shows that the focal length for f = 0.75 cm has faster crossover at the back portion of the medium (z > 0.5 cm) than the f = 0.5 cm case, which has faster crossover at the front portion (z < 0.5 cm). That is, the crossover always starts from the focal point of the laser inside the medium that has the highest laser intensity (or power density). The case with f = 0.75 cm is a longer crossover procedure 42 − 13.8 = 28 s than that of f = 0.5 cm (27 s). However, it is has a shorter crossover time having T* = 42 s versus 44 s at z = 0.0 cm. 
The Kinetic Rate Function
By numerical simulation, we solve the coupled kinetic Equation (3) and calculate the rate function defined by Equation (4) . Figure 7 shows the dynamics of the reduced rate function defined by R(z,t)/R 0 , with R 0 = 83.6λ at t = 17 s, for the 3 cases: (a) solid curve; (b) dashed curve; and (c) dotted curves. We note that the crossover rate function has a maximum at about z = 0.3 cm and a much lower vale at the output end (at z = 1.0 cm) which is enhanced by the reflecting beam as shown by the dashed and dotted curves in Figure 7 . Furthermore, the dip shown in the focused case (dotted curve) demonstrates that the crossover starts from the focal point of the reflecting beam at z = 0.5 cm. This feature is also illustrated by the initiator depletion shown in Figure 6 . Figure 8 shows the crossover times T*(z) calculated by the crossing points of the constant line z = 0.135 and the profile curves of C(z,t)/C 0 shown in Figures 4-6 , respectively, for case (a) collimated single beam (cubic); (b) collimated two beam (triangles); and (c) collimated plus focused beam (circles). As we expect that case (a) has the largest T* (or slowest crossover procedure); case (b) is faster than case (a) due to the extra laser intensity of the reflecting collimated beam. The crossover is further accelerated by the focusing mirror in case (c). The gelation completion time, defined by T*(z = 1.0 cm), was found to be 70, 50 and 44 s for case (a), (b) and (c), respectively. These data demonstrate that case (c) is about 60% faster than case (a). As shown by our analytical formulas in Equation (7), the crossover time T*(z) for the collimated cases (a) and (b) is an increasing function of z. The nonlinear curve of case (c) is due to the focusing function shown by Equation (2). The crossover process is further illustrated by the crossover boundary shown in Figure 9 , which also shows the faster crossover at the back portion of the medium (z > 0.5 cm) compared with that at the front portion (z < 0.5 cm) of the medium for the focused case (also shown by Figure 6 .) That is, the crossover always starts from the focal point of the laser inside the medium that has the highest laser intensity (power density). The disadvantage of the focused case is that the crossover area (volume) is reduced to the focusing range. This drawback could be overcome by a scanning technique in which the laser beam is scanned along the direction normal to z to cover a wider polymerization area (volume) inside the medium. A 3-dimensional simulation (under progress) is needed to show the profiles. In comparison with the two beam focused case shown in Figure 9 , we also show our previously published single beam focused case (without reflecting beam) [16] in Figure 10 , in which the crossover area is larger than the two-beam case. However, the two-beam cases (b) and (c) show faster polymerization than the single beam case (without the reflecting beam) due to the extra laser power from the reflecting beam. (1) collimated; (2) tightly focusing; (3) optimal focusing; and (4) slightly focusing [16] . 
The Crossover Time
Conclusions
We have presented a comprehensive model of the kinetics of photoinitiated polymerization using a UV laser in thick polymer systems. For only a collimated incident beam without a reflecting beam, the analytical formulas are represented by Equations (6) and (7), which allows us to analyze the penetration depth and crossover time. As shown in Figure 1 , the reflecting focused-beam is proposed to compensate for the exponential decay in the absorbing medium. The polymerization boundary dynamics are illustrated in Figure 9 , showing the advantage of the reflecting beam system, which achieves not only more uniform photo-polymerization but also a faster procedure (shown by Figure 8) . The kinetic equations are numerically solved for the initiator concentration, as shown by Figure 6 . The crossover time was calculated and compared among the various single beams, two collimated beams, and collimated plus focused reflecting-beam systems. Our numerical results provide useful guidance and a novel mean for fast and highly efficient photo-polymerization in thick medium.
